Sub-surface fatigue crack growth at non metallic inclusions is studied in AISI 52100 bearing steel under typical rolling contact loads. A first 2D plane strain finite element analysis is carried out to compute the stress history in the innner race at a characteristic depth, where the Dang Van damage factor is highest. Subsequently the stress history is imposed as boundary conditions in a periodic unit cell model, where an alumina inclusion is embedded in a AISI 52100 matrix. Cracks are assumed to grow radially from the inclusion under cyclic loading. The growth is predicted by means of irreversible fatigue cohesive elements. Different orientations of the cracks and different matrix-inclusion bonding conditions are analyzed and compared.
Introduction
It is well known that fatigue failure and mechanisms may vary a lot according to the stress level applied and that a dual step S-N curve characteristic may appear in the ultra long life regime [1] [2] [3] [4] [5] . At stress levels close or higher than the conventional fatigue limit, in fact, failure is more likely to be expected close to the surface of the material, while at a stress level below the fatigue limit, fatigue failure usually occurs at small internal defects. The latter mechanism becomes dominant in the very high cycle fatigue (VHCF), that is to say for a number of cycles bigger than 10 11 , while a coexistence of surface and subsurface failures is present in the range between 10 6 -10 9 cycles [2] [3] [4] [5] [6] . Subsurface failure is usually dominated by crack initiation, which is strongly influenced by the features and the defects in the microstructure [6] . Inclusions or pores may act as stress concentration sites, and cracks may nucleate around these defects and then propagate to the surface. Sometimes microstructural changes are observed around inclusions, where a fine granular area, known as fish-eye, may develop for low stress amplitudes [3, 4, [7] [8] [9] .
Traditional approaches against rolling contact fatigue (RCF) consist in designing with respect to a maximum Hertzian pressure [10] , or by means of multiaxial fatigue criteria, as the Dang Van criterion [11] , which has been widely used for decades [12] . Though these approaches may be more practical, they somehow neglect the complexity of the VHCF mechanisms. Service life in the VHCF regime is in fact strongly influenced by the presence of small inclusions, and therefore other design criteria have been proposed, as calculations based on the stress intensity factor (SIF) [13] or by means of the Murakami's method [14] .
The study of fatigue failure in the high and very high cycle regime is of extreme importance in those applications, as for example wind turbine roller bearings, where any failures of the mechanism reflect in down-time costs which have to be minimized [15, 16] . For these mechanical systems, in fact, a service life as long as 20 years, equivalent to more than 10 11 cycles, is expected [17] , but failure sometimes occurs long before this design life. In this work rolling contact fatigue at an interior Al 2 O 3 inclusion in a AISI 52100 roller bearing is investigated. The study assumes that a small crack has already nucleated in the matrix, close to the inclusion, and therefore the crack initiation process and time are neglected. The focus is here on the influence of the inclusion depth and on the angle of the crack relative to the rolling surface. The characteristic rolling contact stress history is computed in a previous work [18] and is applied here as periodic boundary conditions. The fatigue crack growth is modelled by irreversible cohesive elements [19] and the results are compared in terms of number of cycles.
Problem formulation
In [18] a plane strain finite element model of a bearing ring in contact with a roller was investigated, substituing the roller with the equivalent Hertzian load, and a characteristic rolling contact stress history was recorded, at the depth of maximum Dang Van damage factor.
The macroscopic stress history Σ i j (t) is here imposed as periodic boundary condition to a unit cell of AISI 52100, in which a circular inclusion of Al 2 O 3 is embedded. A straight initial crack starting from the inclusion-matrix interface is present in the matrix, at a fixed angle for each calculation. Fatigue crack growth is modelled by means of cohesive elements alligned along a straight path. Thus, the crack is assumed to grow without kinking.
In order to decrease the computational expense, the stress history, initially recorded in [18] using 179 points. It has been found that an interpolation using only 12 points gives sufficient accuracy. Between each time steps, a number of 200 increments has been used for the calculations.
The cohesive elements are described by the Roe-Siegmund irreversable constituive law [19] that models the fatigue crack growth incorporating a damage parameter, D, in the traction-separation law. When this parameter, that initially in the undamaged element is set to zero, reaches the limit value of one, the cohesive element has failed in that integration point. A penalty method is here used to ensure that the periodic boundary conditions are respected (see [20] for details). A detail of the mesh used in the finite element computations is shown in Fig. 1 .
According to the the Roe-Siegmund model the traction separation law is given by:
while the current cohesive strenghts are defined as
The damage rate constitutive law isḊ
where T is the effective traction and Δu the accumulated separation (see [19] ). A value of δ Σ = 4 δ 0 was choosen for this study. The parameter C f represents the ratio between the cohesive endurance limit and the initial undamaged cohesive normal strenght:
Once an element has failed (D = 1), it still retains some strenght in compression, if Δu n < 0, such that overlap is penalized
The penalty factor α was choosen to be α = 10. No friction term was here introduced in the equations that describe the contact condition, see Eq.(5).
The periodic cell has a lenght of l = 200 μm, while the radius of the inclusion is R = 0.05 l, which is a typical value for Al 2 O 3 in these steels [14] . Though the actual shape of the inclusion in the reality can be also different, e.g. ellipsoidal, it was here modelled as perfect circular.
The crack is assumed to have an initial lenght a 0 and to be inclined at an angle θ with respect to the rolling direction. One initial crack lenght, a 0 ≈ 1.5 μm was considerd, while the angle θ that defines the angular position of the crack with respect to rolling direction is varied between 0
• and 120
• . The maximum allowed crack length is a 0 ≈ 2.97 μm: if the crack reaches this lenght, the computations are automatically stopped. Three different cases are considered, "CRC", "INT" and "POR". The first two assume an inclusion in the matrix, while the latter assumes a pore. The CRC case reflects the case of a crack in the matrix that is perfectly bonded to the inclusion. The two crack tips are here both in the matrix. The INT case models the case where the matrix-inclusion interface is flexible and therefore cohesive elements are used here along the interface, though they are not allowed to fail. The crack in this case has a crack tip in the matrix and a crack tip on the inclusion. The value of E i /E m = 1.852 has been used as ratio between the inclusion and the matrix Young's modulii, while the Poisson's ratio of the alumina, ν i , is taken to be 0.25. The matrix has a Young's Modulus E m = 210 GPa and a Poisson's ratio ν m = 0.3. The material behaviour in both the inclusion and the matrix is modelled as linear elastic.
Results

Test case
A test case with a cracked panel subjected to R = σ min /σ max = 0, σ max = 100 MPa is first studied, in order to evaluate the Siegmund's model parameters δ 0 , σ max0 and C f . The parameter q was set equal to 0.429, so that the maximum normal and shear stresses are the same. Furthermore, the fatigue limit C f was set equal to 0.005. This choice is justified on one hand by the need to reduce the set of parameters to be varied in the test case computations. Fixing the value of C f in fact, δ 0 and σ max0 were the only two others parameters to be fitted. The value of C f choosen, which appears small, is justified in the prospective of modeling the VHCF regime, where even small values of the stress imposed, below the conventional fatigue limit, may cause failure. Though these preliminaries computations were set to fall into the low cycle regime, this seemed the best choice. Furthermore is worth to notice that the test case was carried out assuming long-crack theory even though the subsequent case assumed cracks in the order of a micron.
A Paris law with C = 11 · 10 −10 and m = 4.05 was fitted with the set of parameters δ 0 = 0.5 μm, σ max0 = 21000 MPa and C f = 0.005, see Fig. 2 . The resulting crack growth rate is in the order of 10 −6 m/cycle, with an initial ΔK I ≈ 5.63 MPam 0.5 (DK th = 5 MPam 0.5 ). This crack growth rate is at least 3 order of magnitude higher than what expected for this material for cracks in vacuum [21] , but it was here chosen to have a qualitative understanding of the crack propagation under rolling contact, rather than trying to simulate the exact number of cycles to failure which is, on the other hand, practically unfeasible in the giga cycle regime. The parameters for the cohesive law were thus used in the following calculations to study crack propagation in the inclusion-matrix unit cell.
Rolling contact results
Results in terms of crack lenght and number of cycles applied are shown in Figs. 3-4 . From Fig. 3 ("CRC")is clear that a to a smaller value of δ 0 = 0.5 μm, i.e. a stiffer cohesive traction-separation law, corresponds a quicker propagation of the crack, regardless of the angle. The cracks with angles between 0
• and 30
• have the fastest propagation (Fig.3a) , though differences with other angles are small. This seems to be confirmed also in Fig. 3b , where only angles smaller than 45
• propagated within 60 cycles. Figures 4a-b , that refer to cases INT and POR, respectively, show the same trend related to the angle of the crack: the crack growth is slightly slower than the case CRC, and only the crack oriented at 90
• seems to propagate considerably slower. All the results showed "S" shaped curves and further investigations are being carried out. The author believes that this may be due to the small size of the region where the cohesive elements are placed. 
Conclusions
Fatigue crack growth under a typical rolling contact stress history has been investigated in this work, for different crack angles, for different inclusion-matrix conditions and for the case of a pore. Results show that crack angles between 0
• and 45
• propagate faster, but further investigations are suggested.
